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Recap: Sparse Convolution
4 2\

Sparse Polynomial Multiplication: Out-of-bounds values
For P(X) = Y& 'p;Xtand Q(X) = Y& g, X? are interpreted as 0
their product R = P - Q has coefficients r; = Y |

_ ] Op]CIL —J
_ _ o 0 hides factor polylog(d) ]
Given P, Q as lists of non-zero coefficients,

we can compute the coefficients of R in time O (out) where out = #{i | r; # 0} )

\_

-
Sparse Convolution:

For u, v € R%, their convolution is the vector u * v with (u * v); = j= Ou]vl _;

Given u, v as lists of non-zero entries,

u * v can be computed in time O (out) where out = #{i | (u * v); # 0}
G J




Recap: Sparse Convolution

4 )
Sparse Polynomial Multiplication:

For P(X) = Y& Ip;Xtand Q(X) = Y& 1 g, X?

their product R = P -  has coefficients r; = §'=0 Pjdi-j

Given P, Q as lists of non-zero coefficients,

we can compute the coefficients of R in time O (out) where out = #{i | r; # 0}
\_ J

( )
Sumset:

For A,B € {0,1, ...,d}, theirsumsetisA+ B={a+b|a € A,b € B}

Given A, B as lists of all elements, \A

A + B can be computed in time O (out) where out = |A + B| \WJ
J

A + B corresponds to the non-zero coefficients of (Xzeq X)) (X pep x7)




Subset Sum Goal: O(out) time

Given a set X of n positive numbers, compute all sums of subsets of X Uv)(“ ‘SM\

4 )
Subset Sum:
Given X = {xq, ..., x,} € {1, ...,d}
Compute set of all subset sums:
SX) ={Zyery 1Y S X}
\_ J

A+B={a+b|a€ADbe B}intime 0(out)

JJIv/ J
X=102, 235} SX)=1{02 35,7,8,10}




Subset Sum

Given a set X of n positive numbers, compute all sums of subsets of X

r N r N
Subset Sum: Chain-like: O(n - out)
Given X = {xq, ..., x,} € {1, ...,d} 1) Initialize Sy :== {0}
Compute set of all subset sums: 2)Fori =1, ..,n:
S(X) = {ZyEYyl Y C X} 5; = 5i—1(5i—1 + x;)
\- J 3) Return S,
\_ [BeIIman’57])

Si—1 U(Si—1 +x;) =S;-1 +{0,x;}
— — Si = 5({.’)6'1, ...,Xi})
’S(X) — {0, xl} + et {O, xn}

compute S; in time

~ 0(lS;1) = 0(ISp]) = 0(out)
A(DB ={a+b|a€Ab € B}intime O(out) o1t Olout)




Subset Sum

Given a set X of n positive numbers, compute all sums of subsets of X

4 ) a _ )
Subset Sum: Chain-like: O(n - out)
Given X = {x{,...,x,} € {1, ...,d} 1) Initialize Sy == {0}
Compute set of all subset sums: 2)Fori =1, ...,n:
SX) = {Zyeyy | ¥ € X) = Si=Siati0x)
- J 3) Return S,
\_ J

Si—1 U(Si—1 +x;) =S;-1 +{0,x;}
Si = 5({X1, ...,Xi})
SX) =1{0,x1} + - + {0, xp,}

_ compute S; in time

~ 0(1si) = 0(IS,1) = O(out)
A+B={a+b|a€AbeB}intime 0(out) —



Subset Sum

Given a set X of n positive numbers, compute all sums of subsets of X

Tree-like:

\Y¥

O(n - out)

1) Initialize Sy ; == {0, x;} for all i

2)Forf =1, ...,logn: Fori =1, ...,

= Sp_12i—1 +Sp—12i

/

3) Return Sjpgpn1 =A

n/2¢:

~

1 = s@@eé\{hat n is power of 2
— V,

SX) ={0,x1} + -
A+B={a+b|a€ADbe B}intime 0(out)

+ {0, 2,3 L1\

N )
Chain-like: O(n - out)
1) Initialize Sy := {0}
2)Fori=1,..,n
Si = Si—l + {O, XL}
3) Return S,
J

/\

L0, %9, )
AN

VY Ty - - -



Subset Sum

Given a set X of n positive numbers, compute all sums of subsets of X

-

.

N )
Tree-like: O(n - out)
1) Initialize Sy ; == {0, x;} for all i
2)Forf =1, ...,logn: Fori =1, ...,n/2€:
Spi = Sp-12i-1 1 Sp-1,2i
3) Return Sjog 1 Assumes that n is power of 2)

SX)={0,x}+ -+ {0, x,,}

A+B

={a+b|a€AbeB}intime 0(out)

4 )
Lem: Forany non-empty A4, B

|JA+B| = |A|+ |B] -1

\. J

Proof:
Sort A ={a4,..,a,},B =1{bq,..., b, }. Then:

a, + by < - <?an + b1!< e < a£+lom n
Wh\ A Apt ol
i+, A




Subset Sum

Given a set X of n positive numbers, compute all sums of subsets of X

-

.

N )
Tree-like: O(n - out)
1) Initialize Sy ; == {0, x;} for all i
2)Forf =1, ...,logn: Fori =1, ...,n/2€:
Spi = Sp-12i-1 1 Sp-1,2i
3) Return Sjog 1 Assumes that n is power of 2)

SX)={0,x}+ -+ {0, x,,}

A+B

={a+b|a€AbeB}intime 0(out)

4 )
Lem: Forany non-empty A4, B
|JA+B| = |A|+ |B|—1
. J
4 )
Cor: For any non-empty A4, ..., A
|A{| + -+ Akl < |Ap+ -+ A + k-1
\_— — Y,
Proof:
A DAk = |4y + -+ A + 4] = 1

——

e
> [Ay + -+ Ao + [Ap_1| + |Ag| =2

> Ay | + -+ |Ag] = (k — 1)

- —




Subset Sum

Given a set X of n positive numbers, compute all sums of subsets of X

\_

2)Forf =1, ...,logn: Fori =1, ...,n/2€:

l Sf,i’:z Sp—12i—1 T Sp—12;

3) Return Sjogp,1  Assumes that n is power of 2

4 ~ R )
Tree-like: M)
1) Initialize Sy ; == {0, x;} for all i

4 )
Lem: Forany non-empty A4, B
|JA+B| = |A|+ |B|—1
. L/
f

Cor: For any non-empty 44, ...

A+B={a+b|a€ADbe B}intime 0(out)
~— |

|A1| Tt IAkl <[711 + o+ Ayl J+@

~

\@(x\\ /

) ouHX))

= O(out + n) = 0(out)

s




Subset Sum

Given a set X of n positive numbers, compute all sums of subsets of X

\_

4 N _ )
Tree-like: M) O (out)
1) Initialize Sy ; == {0, x;} for all i
2)For £ =1,..,logn: Fori =1,...,n/2%:
Spi = Sp-12i-1 1 Sp-1,2i
3) Return Sjog 1 Assumes that n is power of 2)

A+B={a+b|a€ADbe B}intime 0(out)

\_

Chain-like: O(n - out)
1) Initialize Sy := {0}
2)Fori=1,..,n:
Si = Si—1 +10,x;}

3) Return S,

~

J

Output-sensitive algorithm for all Subset Sums

follows from Sparse Convolution,

which is solved via sublinear techniques

—



Modular Subset Sum

Goal: O(out) time

Given a set X of n positive numbers and integer m, compute all sums of subsets of X modulo m

(

Modular Subset Sum:
Given X € {1, ...,d} of sizen

Compute §,,,(X) := §(X) mod m

= {(Zyeyy) modm | Y € X}

—

\

J

SX)={0,x}+ -+ {0, x,,}

A+B={a+b|a€ADbe B}intime 0(out)

X =1{2,3,5}

S(X)mod7 =1{0,1,2,3,5}



Modular Subset Sum

Given a set X of n positive numbers and integer m, compute all sums of subsets of X modulo m

4 ) 4 _ )
Modular Subset Sum: Chain-like: O(n - out)
Given X € {1, ...,d} of sizen 1) Initialize Sy == {0}
Compute §,,,(X) := S(X) mod m 2)Fori=1,..,n:
={(Z,eyy) modm |Y < X} 5; = Si—l@ {0, x;}
- J 3) Return S,
\_ J

1) Compute C = A+ B
2) Return {c modm | ¢ € C} Si = Sm ({1, 0, xi3)

compute S; in time

N\
Sm(X) = 10,21} b b 10, X} ) O(IS:) = 0(1S,]) = O(out)
A+, B={(a+b)modm|a€ADbe€ B}intime 0(out)




Modular Subset Sum

Given a set X of n positive numbers and integer m, compute all sums of subsets of X modulo m

(

\_

_ )
Tree-like: O(n - out)
VTR
1) Initialize Sy ; == {0, x;} for all i
2)Forf =1, ...,logn: Fori =1, ...,n/2€:
Sei = Sf—l,Zi—l@Sf—l,Zi
3) Return Sjpgn1
J

Sn(X) ={0,x1} 4+, ... +1, {0, x,}

A+, B={(a+b)modm|a€ A b€ B}intime 0(out)

\_

Chain-like: O(n - out)
1) Initialize Sy := {0}
2)Fori=1,..,n:
Si = Si—1 +m {0, %}

3) Return S,

~

J




Modular Subset Sum

Given a set X of n positive numbers and integer m, compute all sums of subsets of X modulo m

) 4 h

Tree-like: O(n - out) Lem: Forany non-empty A4, B

> —
1) Initialize Sy ; == {0, x;} for all i \ 4+ 5= 14| +[B] ~1 J

2)For£ =1,..,logn: Fori =1,..,n/2*%:
|A+,,B| = |A|l+|B| -1

is wrong in general!

Spi = Sp—12i—1 tm Se—12i

3) Return Sjpgn1

. J

eg. A=B={0,....m—1}

Sm(X) ={0,x1} +1 .. + {0, x5}
A+, B={(a+b)modm|a€ A b€ B}intime 0(out)




Modular Subset Sum

Given a set X of n positive numbers and integer m, compute all sums of subsets of X modulo m

~

Tree-like: O(n - out)
1) Initialize Sy ; == {0, x;} for all i

2)For£ =1,..,logn: Fori =1,..,n/2*%:

Spi = Sp—12i—1 tm Se—12i

3) Return Sjpgn1

\_

Sn(X) ={0,x1} 4+, ... +1, {0, x,}

A+, B={(a+b)modm|a€ A b€ B}intime 0(out)

Approaches to time O (out):

via sketch'!_l:l/g )

2) via additive combinatorics:

1)

~

Kneser’s Thm:
|A +,, Bl = |A| + |B| — |[Sym(A + B)|
where Sym(Z) ={x | Z +,, x = Z}

J

3) via dynamic strings
[Mehlhorn, Sundar, Uhrig 1997]



Modular Subset Sum by Sketching

Data Structure D(v): maintains vector v € R™ s.t.

Initialize: set v = (0, ...,0)

Read(i): return v;

Q/Vrite(i, s): setv; := S\

TestZero: checks if v = (0, ..., 0); correct w.h.p.
Support: computes supp(v); correct w.h.p.

Linear: given access to D(u), D(v) and a, 8, we
can simulate D(au + fv)

Rotation: given access to D(v) and x, we can

simulate D(rot, (v)) = D(v,, ey Vg1,V wee s V1)

wN

~

- time 0(1) = fjb?b\)M

J

time O(|supp(v)|) w.h.p.

— time: constant-factor overhead




Modular Subset Sum by Sketching

Goal: Update S;_, to S; intime O(|S; \ S._ 4 - )
P - l (USi\ Si-al) Chain-like: O(n - out)

Then total time is 0(X;|S; \ Si—1])

= 0X;(S:] = 1Si-1D)
= 0(ISnl = 1So])
= O0(out) Si = Si—1 +m {0, %}

1) Initialize S, :== {0}

2)Fori=1,..,n:

3) Return §,,
\ J

A+, B={(a+b)modm|a€AbeEB}



Modular Subset Sum by Sketching

Goal: Update S;_, to S; intime O(|S; \ S._ 4 - )
P - l (USi\ Si-al) Chain-like: O(n - out)

Note Si = Si—l U (Si—l +m xi)

4 )
vi=1S;_1] — L[S;—1 +m x;]

1) Initialize S, :== {0}

2)Fori=1,..,n:

S; = Si—1 +m 10, x;}

Si = Si—1 U supp(v) 3) Return S,

\_ Y,
|supp(v)| = 2[S; \ Si—1| .
— same size
] g\g ) indicator vector 1[A]:
Refined Goal: Compute supp(v) in time O(|su (v)\l) | supp(v) = 1[4], = 1 ifa€A
. P PP PP {i|v; # 0} 210 otherwise

Total time is O(X;|S; \ S;—1]) = 0(out)

e

A+, B={(a+b)modm|a€AbeEB}




Modular Subset Sum by Sketching

Data Structure D(v): maintains vector v € R™ s.t.

Initialize: set v = (0, ...,0)

Read(i): return v;

Write(i,s): setv; i=s

TestZero: checks if v = (0, ..., 0); correct w.h.p.
Support: computes supp(v); correct w.h.p.

.
Linear: given access to D(u), D(v) and a, 8, we

can simulate D(au + fv)

Rotation: given access to D(v) and x, we can

simulate D(rot, (v)) = D(Wy, -, Vg_1, Vo, -+ Vx—1)
—_—

~

- time 0(1)

J

time O(|supp(v)|) w.h.p.

— time: constant-factor overhead




Modular Subset Sum by Sketching

-

~
v = 4[S;_1] OL[S;_1 +m xi]

Si = Si-1 U supp() ||

Isupp(v)| = 2S; \ Si-1|

Refined Goal: Compute supp(v) in time O(|supp(v)])

Total time is O(X;|S; \ S;—1]) = 0(out)

f

M
M
1)

2)

\_

\

odular Subset Sum: O (out)
aintain D = D(1[S;])
// Initialize Sy = {0}
D.Initialize and D .Write(0,1)

Fori=1,..,n:
// here: D = D(1[S;_1])

Simulate D' =
D(A[S;—1] — 4[S;—1 +m %]

T :== D'.Support

For each x € T: D.Write(x, 1)
~ /




Modular Subset Sum by Sketching

Data Structure D(v): maintains vector v € R™ s.t.

Initialize: set v = (0, ...,0)

Read(i): return v;

Write(i,s): setv; i=s

TestZero: checks if v = (0, ..., 0); correct w.h.p.
Support: computes supp(v); correct w.h.p.

Linear: given access to D(u), D(v) and a, 8, we
can simulate D(au + fv)

Rotation: given access to D(v) and x, we can

simulate D(rot, (v)) = D(Wy, -, Vg_1, Vo, -+ Vx—1)

~

~

b

Modular Subset Sum: O (out)
Maintain D = D(1[S;])
1) // Initialize Sy == {0}
D.Initialize and D .Write(0,1)
2)Fori=1,..,n:
// here: D = D(1[S;_1])

Simulate D' =
DA[S;—1] = 4[S;—1 +m xi])

T :== D'.Support
For each x € T: D.Write(x, 1)



Implementation of D
4 )

Data Structure D(v): maintains vector v € R™ s.t. Implementation of D (v):

< Initialize: setv = (0, ...,0) Forb =1, ...,logm:

Pick set P, of ®(logm) random
v/ Read(i): return v; b (logm)
primes in the range (2 log? m)

P :=iP/b/ SVDUIQ %@V‘an\w}:aq

Store v € R™ w is m-th root of unity

v Write(i,s): setv; :==s
— TestZero: checksif v = (0, ...,0); correct w.h.p.

— Support: computes supp(v); correct w.h.p.
PP P pp(v) P Store fold(v,p) € RP for eachp € P

\—/ Linear: given access to D(u), D(v) and a, 8, we

fold(v,p); = ), ;.; _: U
can simulate D (au + fv) (v,P)i = 2jijmod p=i V)

— Rotation: given access to D(v) and x, we can Store fold'(v, p) € C? foreachp € P

_ simulate D(roty (v)) = D(vy, ..., Vg_1, Vo, ...,vx_l)j fold" (v, p); = 2j.j mod p=iv@




Implementation of D

r

.

— Rotation: given D(v) and x, simulate D(v')

for v’ :==rot,(v) = (Vy, ..., Vg_1, Vg, eor» Vy—1)

J

, _— -
vj o v]+mx

fold(v',p)i = Xj.jmodp = i Vi+mx
= Zj:jmodp=i+mxvj

= fold(v, )iy, x

fOld’(U” p)l — Z]] mod p =ivj+mx . (,()]

— DAY
- Zj:jmodp=i+mxvj W—_

X

= fold’ (v, P) 4 @

~

[Implementation of D(v):

Forb =1, ..., logm:
Pick set P, of ®(logm) random
primes in the range (2 log? m)

P:= Ube

Store v € R™ w is m-th root of unity

Store fold(v,p) € RP for eachp € P

fold(v,p)i = 2j.j mod p=i Vj

Store fold'(v,p) € CP foreachp € P

\ fold'(v, )i = Xj.j mod p=i Vj®’ /




Implementation

( — TestZero: checksif v = (0, ...,0); correct w.h.p.)

( )

1) For each p € P:
2) For ©(log? m) randomr € {0,..,p — 1}:
3) If fold(v, p),- # 0: return v #+ 0

4) return v = 0

\_ .
Ifv £ 0: leth = log|supp(v)|, fixp € P, ,?;,\\,J_
Each v; # 0 is isolated with probability (1), since M\V\\D ‘f

z‘o _ k'}\s ﬁ\/

#j' # js.t.vy # 0and |supp(v)| - logm P
<
(j—j)modp=0 [~ #primesin®(2°logzm) Ay

(22

E

of D
o

mplementation of D(v):

~

Forb =1, ..., logm:
Pick set P, of ®(logm) random
primes in the range (2 log? m)
P:=U,Py,

Store v € R™ w is m-th root of unity

Store fold(v,p) € RP for eachp € P

fold(v, p); =LZMP="UJ - V)‘

Store fold'(v,p) € CP foreachp € P

\ fold'(v, )i = Xj.j mod p=i Vj®’ /




Implementation of D

( — TestZero: checksif v = (0, ...,0); correct w.h.p.) [lmplementation of D(v):

~

( ) Forb =1, ...,logm:
1) Foreachp & P: Pick set P, of ©(logm) random
2) For ©(log? m) randomr € {0,..,p — 1}: orimes in theange 0(2" log? m)
3) If fold(v, p)r return v = 0 P:=U,P,

S 4) return v = 0 ) Store v € R™  w is m-th root of unity
if v 0: letb = log|supp(v)|, fixp € P, Store fold(v,p) € RP for eachp € P
Each v; # 0 is isolated with probability (1) fold(v, p)i = 2.j mod p=1 Vj
W. prob. (1), an 9(1)-fractiorlof all v; # 0 are isolated Store fold'(v,p) € CP foreachp € P

= ' =3 . 1)
W. prob. Q(1), an Q (1og12 m)-fraction of all s yield v # 0 \ fold" (v, p); ZJZJ mod p=i Vj ¥ /

M




Implementation

( — Support: computes supp(v); correct w.h.p. )

First suppose we know b = log|supp(v)]

4 )
PromiseSupport(b):

1) Initialize S = @, u = (0, ...,0)

2) Foreachp € P,: Fori =0,..,p — 1:

of D
o

mplementation of D (v):

~

Forb =1, ..., logm:
Pick set P, of ®(logm) random
primes in the range (2 log? m)
P:=U, P,

Store v € R™ w is m-th root of unity

3) z := fold" (v, p);/fold(v, p)i{ Each v; # 0 is isolated

4) x = Invert(z) // w! > j by some p w.h.p.

Store fold(v,p) € RP for eachp € P

fOld(U; P)z — Z]] mod p@

5) If v, # O: §:=Su{x}, Uy = Dy

5) Return (S, u)

Store fold'(v,p) € CP foreachp € P

. J

\ fOld’(U, p)i — Zj:j modp=i/




Implementation of D

( — Support: computes supp(v); correct w.h.p. )

First suppose we know b = log|supp(v)]

Now if we do not know b:

r

.

1) Forb =1, ...,logm:

3) (5, u) := PromiseSupport(b)

-——-’_‘

4) Build D (u)

5) If D(u — v).TestZero: return S

—_————

J

Can only terminate with correct vector u = v

Terminates at the latest for b = log|supp(v)|

Ch

mplementation of D (v):

~

Forb =1, ..., logm:
Pick set P, of ®(logm) random
primes in the range (2 log? m)
P:=U, P,

Store v € R™ w is m-th root of unity

Store fold(v,p) € RP for eachp € P
fold(v,p); = Zj:j o= U5

Store fold'(v,p) € CP foreachp € P

\ fold'(v, )i = Xj.j mod p=i Vj®’ /




More Material

[ [ Modular Subset Sum by Sketching:
[Axiotis, Backurs, Tzamos ,Fast Modular Subset Sum using Linear Sketching” 2019]

See also:
[Bringmann ,,A Near-Linear Pseudopolynomial Time Algorithm for Subset Sum“ 2017]
[Bringmann, Nakos , Top-k Convolution and the Quest for Near-Linear Output-Sensitive Subset Sum“ 2020]

See you on Thursday!



