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Exercise 1 (8 Points) Prove that the shortest s-t-path algorithm that we saw in the lecture
is equivalent to Dijkstra’s algorithm: that is, in each step it adds the same edge as Dijkstra’s
algorithm would add.

Exercise 2 (10 Points) Consider the multicut problem in trees. In this problem, we are given
atree T = (V, E), k pairs of vertices s;-t;, and costs ¢, > 0 for each edge e € E. The goal is
to find a minimum-cost set of edges F' such that for all i, s; and ¢; are in different connected
components of G' = (V, E — F).

Let P; be the set of edges in the unique path in T" between s; and ¢;. Then we can formulate
the problem as the following integer program:

minimize E Cele

eckE
subject to Zme > 1, 1 <<k,
ech;
z. € {0, 1}, ec F.

Suppose we root the tree at an arbitrary vertex r. Let depth(v) be the number of edges on
the path from v to r. Let lca(s;,t;) be the vertex v on the path from s; to ¢; whose depth
is minimum. Suppose we use the primal dual method to solve this problem, where the dual
variable we increase in each iteration corresponds to the violated constraint that maximizes

depth(lca(s;, t;)).

Prove that this gives a 2-approximation algorithm for the multicut problem in trees.

Exercise 3 (12 Points) In the k-path partition problem, we are given a complete, undirected
graph G = (V| F) with edge costs ¢, > 0 that obey the triangle inequality, and a parameter k
such that |V is a multiple of k. The goal is to find a minimum-cost collection of paths of k
vertices such that each vertex is on exactly one path.
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In the 0 (mod k)-tree partition problem, we are given the same input as in the k-path partition
problem except that the graph is not necessarily complete and the edge costs do not necessarily
obey the triangle inequality. The goal is to find a minimum-cost collection of trees such that
each tree has 0 (mod k) many vertices, and each vertex is in exactly one tree.

(i) Given an a-approximation algorithm for the second problem, produce a Qa(l—%)-approximation
algorithm for the first. (4 Points)

(ii) Use the primal-dual method to give a 2-approximation algorithm for the second problem.
(4 Points)

(iii) Give a 4 (1 — %)—approximation algorithm for the problem of partitioning a graph into
cycles of length exactly k. (4 Points)

Exercise 4 (10 Points) Show that the performance guarantee of the primal-dual algorithm
(from the lecture) for the uncapacitated facility location algorithm can be strengthened in the
following way. Suppose that the algorithm opens the set T” of facilities and constructs the dual
solution (v, w). Show that

ZgreliTr}cij +3Zfi < 3Zvj.
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