
Chapter 2

Propositional Logi


2.1 Syntax

Consider a �nite, non-empty signature � of propositional variables, the \alpha-

bet" of propositional logi
. In addition to the alphabet \propositional 
onne
-

tives" are further building blo
ks 
omposing the senten
es (formulas) of the

language and auxiliary symbols su
h as parentheses enable disambiguation.

De�nition 2.1.1 (Propositional Formula). The set PROP(�) of propositional

formulas over a signature � is indu
tively de�ned by:

PROP(�) Comment

? 
onne
tive ? denotes \false"

> 
onne
tive > denotes \true"

P for any propositional variable P 2 �

(:�) 
onne
tive : denotes \negation"

(� ^  ) 
onne
tive ^ denotes \
onjun
tion"

(� _  ) 
onne
tive _ denotes \disjun
tion"

(�!  ) 
onne
tive ! denotes \impli
ation"

(�$  ) 
onne
tive $ denotes \equivalen
e"

where �;  2 PROP(�).

The above de�nition is an abbreviation for setting PROP(�) to be the

language of a 
ontext free grammar PROP(�) = L((N;T; P; S)) (see De�ni-

tion 1.3.9) where N = f�;  g, T = � [ f(; )g [ f?;>;:;^;_;!;$g with rules

S ) ? j > j (� ^  ) j (� _  ) j (�$  ) and S ) P for every P 2 �.

As a notational 
onvention we assume that : binds strongest and we omit

outermost parenthesis. So :P _ Q is a
tually a shorthand for ((:P ) _ Q). For

all other logi
al 
onne
tives we will expli
itly put parenthesis when needed.

From the semanti
s we will see that ^ and _ are asso
iative and 
ommutative.

Therefore instead of ((P ^Q) ^ R) we simply write P ^Q ^ R.
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De�nition 2.1.2 (Atom, Literal). A propositional formula P is 
alled an atom.

It is also 
alled a (positive) literal and its negation :P is 
alled a (negative)

literal. If L is a literal, then :L = P if L = :P and :L = :P if L = P . Literals

are denoted by letters L;K. The literals P and :P are 
alled 
omplementary.

Automated reasoning is very mu
h formula manipulation. In order to pre-


isely represent the manipulation of a formula, we introdu
e positions.

De�nition 2.1.3 (Position). A position is a word over N. The set of positions

of a formula � is indu
tively de�ned by

pos(�) := f�g if � 2 f>;?g or � 2 �

pos(:�) := f�g [ f1p j p 2 pos(�)g

pos(� Æ  ) := f�g [ f1p j p 2 pos(�)g [ f2p j p 2 pos( )g

where Æ 2 f^;_;!;$g.

The pre�x order � on positions is de�ned by p � q if there is some p

0

su
h

that pp

0

= q. Note that the pre�x order is partial, e.g., the positions 12 and 21

are not 
omparable, they are \parallel", see below. By < we denote the stri
t

part of �, i.e., p < q if p � q but not q � p. By k we denote in
omparable

positions, i.e., p k q if neither p � q, nor q � p. Then we say that p is above q if

p � q, p is stri
tly above q if p < q, and p and q are parallel if p k q.

The size of a formula � is given by the 
ardinality of pos(�): j�j := j pos(�)j.

The subformula of � at position p 2 pos(�) is re
ursively de�ned by �j

�

:= �,

:�j

1p

:= �j

p

, and (�

1

Æ �

2

)j

ip

:= �

i

j

p

where i 2 f1; 2g, Æ 2 f^;_;!;$g.

Finally, the repla
ement of a subformula at position p 2 pos(�) by a formula  

is re
ursively de�ned by �[ ℄

�

:=  and (�

1

Æ�

2

)[ ℄

ip

:= �

i

[ ℄

p

where i 2 f1; 2g,

Æ 2 f^;_;!;$g.

Example 2.1.4. The set of positions for the formula � = (A ^ B) ! (A _ B)

is pos(�) = f�; 1; 11; 12; 2; 21; 22g. The subformula at position 22 is B, �j

22

= B

and repla
ing this formula by A $ B results in �[A $ B℄

22

= (A ^ B) !

(A _ (A$ B)).

A further prerequisite for eÆ
ient formula manipulation is notion of the

polarity of a subformula of � at position p. The polarity 
onsiders the number

of \negations" starting from � at � down to p. It is 1 for an even number along the

path, �1 for an odd number and 0 if there is at least one equivalen
e 
onne
tive

along the path.

De�nition 2.1.5 (Polarity). The polarity of a subformula of � at position p is

indu
tively de�ned by

pol(�; �) := 1

pol(:�; 1p) := � pol(�; p)

pol(�

1

Æ �

2

; ip) := pol(�

i

; p) if Æ 2 f^;_g

pol(�

1

! �

2

; 1p) := � pol(�

1

; p)

pol(�

1

! �

2

; 2p) := pol(�

2

; p)

pol(�

1

$ �

2

; ip) := 0


