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The Simplex Algorithm

The Simplex algorithm is a prominent algorithm for solving
optimization problems over linear inequations. For automated
reasoning, optimization is not the focus. Rather, solvability of a
set of linear inequations as a subproblem of some theory
combination is the typical application.

In this context the simplex algorithm is useful as well, due to its
incremental nature. If an inequation A is added to a set N of
inequations where the simplex algorithm has already found a
solution for N, the algorithm needs not to start from scratch.
Instead it continues with the solution found for N. In practice, we
only need a few steps to derive a solution for N U {A} if it exists.
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Preview CDCL(T)

For CDCL(T), we are only interested in the existentially-quantified
fragment of a theory T. CDCL(T) extends a solver for the
conjunctive fragment of a theory T (theory solver) to the complete
existentially-quantified fragment of T. It even allows us to build a
solver that combines different theories.

Important properties for a good theory solver for CDCL(T):
® can handle the conjunctive fragement of the theory

= good runtime

= produces an assignment/model in case of satisfiability

= good incremental behavior
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Drawbacks of Fourier-Motzkin

= worst case runtime O(m?") (exponential runtime observed on
relevant industrial problems)

® produces no assignments (would require additional
bookkeeping)

® poor incremental behavior (would require additional expensive
bookkeeping)
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First-Order Logic
0000000000000 0000000000000000000000000000000000000000000000000000000000000000000000000000

The Simplex Algorithm

Idea: incrementally update a variable assignment until
a) the assignment is a solution, or
b) a conflict has been found

Advantages:

= worst case runtime single exponential (but very rare & not on
relevant problems)

® provides an assignment or a conflict (with no overhead)

® good incremental behavior (just continue updating the
assignment)
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The Input Problem

A set N (conjunction) of (non-strict)! inequations over a set of
variables X.

The inequations have the form:
(X xex @ijXj) ©i Cis
where o; € {>,<} for all /, and gcd{a; j|x; € X} =1

Note that an equation >_ ajx; = ¢ can be encoded by two
inequations {>_ ajx; < c,>_ ajx; > c}.

Additional assumptions (without loss of generality):
= we assume that the x; are all different
= we assume that the variables x; € X are totally ordered by

some ordering <2

"We will later describe how to handle strict inequalities.
2The ordering < will eventually guarantee termination of the algorithm.
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The Goal

Decide whether there exists an assignment 3 from the x; into Q
such that LRA(5) = /\,[(ijex a; jX;j) oj ¢j], or equivalently,

LRA(3) = N

So the x; are free variables, i.e., placeholders for concrete values,
i.e., existentially quantified.

i p BNk insiine November 24, 2022 208/257
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First Step: Transforming N

The first step is to transform N into two disjoint sets E, B of
equations and simple bounds, respectively.
Hence, we split every inequation 3, . x a;x; o; ¢; from N into:
= an equation y; ~ ijeX a; jx; (moved to E),

where y; is a fresh variable?®,
® g (simple) bound y; o; ¢; (moved to B)

Optimized Transformation:
= Just move simple bounds x; o; ¢; from N to B.

= Use the same variable/equation for inequations with the same
left hand side

3The y; are also part of the total ordering < on all variables!
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Equivalence of the Transformation

Clearly, for any assignment 3 and its respective extension on the
¥i, the two representations are equivalent:

LRA(B) = N
iff
LRA(BLYi = B(Xxex @ijX)]) = E

and

LRA(BLY: = B(Xxex @ijX)]) = B.
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(In)dependent Variables

Given E and B a variable z is called dependent if it occurs on the
left hand side of an equation in E, i.e., there is an equation
(z~ > xex aijX) € E. Otherwise, z s called independent.

By construction the initial y; are all dependent and do not occur
on the right hand side of an equation.

Note: when we write (x ~ ay + t) for some equation, we always
assume that y ¢ vars(t).
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Pivot

Given:

® a dependant variable x,

= an independent variable y,

® g set of equations E, and

the defining equation (x ~ ay + t) € E of x with a # 0,

then the pivot operation exchanges the roles of x, y in E, i.e., x
becomes independent and y dependent.

Let E’' be E without the defining equation of x. Then
iv(E, x,y) = ~1x+it UE'{yws 1xqtiz‘
p s Ny y i y ~ a P y a —a .
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Update

Given:

® an assignment 5,

® an independent variable y,

= arational value c,

® 3 set of equations E

then the update of 3 with respect to y, ¢, and E is

upd(B,y,c, E) =By — c,{x— Bly — c|(t) | x = t € E}].
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A Simplex State

A Simplex problem state is a quintuple (E; B; 3; S; s) where:
= E s a set of equations,

B a set of simple bounds,

B an assignment to all variables in E, B,
S a set of derived bounds, and
s the status of the problem with s € {T,1V,DV, L }.
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The Status s

Given a state (E; B; 5; S; s):
® s =T indicates that LRA(5) = S;

® s = |V indicates that potentially LRA(5) ~ x o ¢ for some
independent variable x, x o c € S;

= s = DV indicates that LRA(S) [= x o c for all independent
variables x, x o ¢ € S, but potentially LRA(53) £ x’ o ¢’ for some
dependent variable x’, x' o ¢’ € S;

= 5 = | indicates that the problem is unsatisfiable
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Start and Final States

(E; B; 5o; 0; T) is the start state for N and its transformation
into E, B, and assignment Sy(x) := 0 for all
x € vars(E U B)

(E;0;3;S; T) is a final state, where LRA(3) & E U S and
hence the problem is solvable

(E;B;3;S; 1) s afinal state, where E U BU S has no model

i p BNk insiine November 24, 2022 236/257



First-Order Logic
0000000000000 0000000000000000000000000000000000000000000000000000000000000000000000000000

Invariants

The important invariants of the simplex algorithm are:

i) for every dependent variable there is exactly one equation in E
defining the variable

ii) dependent variables do not occur on the right hand side of an
equation

i) LRA(S) = E.

These invariants hold initially and are maintained by a pivot (piv)
or an update (upd) operation.
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Rough Draft

The simplex algorithm:

. T: moves one bound from Bto S

. IV: fixes g for all bounds in S over independent variables
(update)

3. DV: then fixes § for all bounds in S over dependent variables
(pivot & update)

. repeat

NN —

TN
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FailBounds
(E;B;3;S;T) =smp (E:B;3;S; 1)

if there are two contradicting bounds x < ¢y and x > ¢ in BU S
for some variable x, i.e., x < ¢y and x > ¢, in BU S with ¢ < ¢.

Inl p [ B g planckinstine November 24, 2022 239/257
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FailBounds
(E;B;3;S;T) =smp (E:B;3;S; 1)

if there are two contradicting bounds x < ¢y and x > ¢ in BU S
for some variable x, i.e., x < ¢y and x > ¢, in BU S with ¢ < ¢.

Example:
if {x>5,x <0} C BUS, then

(EiB:3;S:T) =smp (E; B 8;S; L)

Inl p [ By planekinstine November 24, 2022 239/257
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EstablishBound
(E; B4 {XO C};/B? S; T) =SIMP (E; B; ﬁ; SuU {X o C}; IV)
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EstablishBound
(E; B4 {XO C};/B? S; T) =SIMP (E; B; ﬁ; SuU {X o C}; IV)

Example:
E_:{uzx+2y7} B ={x>0y<-1u>1v>2v<3}

Ve X—y , B ={x—0,y—0,u~0v— 0}

S ={}
(E;B;5;{};T)

l l I I I max planck institut
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EstablishBound
(E; B4 {XO C};/B? S; T) =SIMP (E; B; ﬁ; SuU {X o C}; IV)

Example:

U x4 2 B ={x>0y<-1u>1v>2yv<3}
E::{ v:x—yy7 }, B ={x—0,y—0,ur0,v 0}

s =1}
(E:BBANT) =swp (E:B\{x>0}5 {x>0}IV)

l l I I I max planck institut
informatik
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AckBounds
(E;B;3;S; V) =smp (E;B;3;S;T)

if LRA(B) E S, V € {IV,DV}
Example:

Um x4 B ={y<-1u>1v>2v<3}
E::{V:X_ y’},ﬁ = {x—0,y+—0,u—0,v 0}
Xy S ={x>0}

(E; B; 3; S;IV)
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AckBounds
(E;B;3;S; V) =smp (E;B;3;S;T)

if LRA(B) |= S, V € {IV,DV}

Example:
-~ B :{}/S—1,U213V22,V§3}
::{l‘j:xtzy’},ﬂ = Yy 0,u 0,v— 0}
AV ) s =0y
(E; B; 3; S;IV)

i p | [ e November 24, 2022 241/257



First-Order Logic
0000000000000 0000000000000000000000000000000000000000000000000000000000000000000000000000

AckBounds
(E;B;3;S; V) =smp (E;B;3;S;T)

if LRA(B) |= S, V € {IV,DV}

Example:
N B ={y<—-1u>1v>2v<3}
E::{u~x+2y,}75 ::{ ,y—0,u—0,v— 0}
VR X—Y S —{ !
B;S;T)

(E;B; B; S;IV) :>Aﬁ\5|% (E; B;
E:B
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FixIndepVar
(E;B; 8; S;IV) =gvp (E; B;upd(B, x,c, E); S;1V)
if (xoc) € S, LRA(B) £ x o ¢, x independent

Example:

Un x4 D B ={u>1,v>2v <3}
E::{v:x— y’},ﬁ = {x—0,y+—0,u—0,v 0}
XY S ={x>0,y<-1}

(E; B; ;S;IV)
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FixIndepVar
(E;B; 8; S;IV) =gvp (E; B;upd(B, x,c, E); S;1V)
if (xoc) € S, LRA(B) £ x o ¢, x independent

Example:

Un x4 D B ={u>1,v>2v <3}
E::{v:x— y’},ﬁ ={x—0,y+— 0,u—0,v 0}
XV ) s = xz0y< 1)

(E; B; ;S;IV)
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FixIndepVar
(E;B; 8; S;IV) =gvp (E; B;upd(B, x,c, E); S;1V)
if (xoc) € S, LRA(B) £ x o ¢, x independent

Example:

Un x4 D B ={u>1,v>2v <3}
E::{v:x— y’},ﬁ ={x—0,y+— 0,u—0,v 0}
XV ) s = xz0y< 1)

(E; B; ;S;IV)
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FixIndepVar
(E;B; 8; S;IV) =gvp (E; B;upd(B, x,c, E); S;1V)
if (xoc) € S, LRA(B) £ x o ¢, x independent

Example:

Un x4 D B ={u>1,v>2v <3}
E::{v:x— y’},ﬁ ={x—0,y+— 0,u—0,v 0}
XV ) s = xz0y< 1)

ﬁ, = UPd(ﬁvy,*LE)

(E; B; ; S;IV)
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FixIndepVar
(E;B; 8; S;IV) =gvp (E; B;upd(B, x,c, E); S;1V)
if (xoc) € S, LRA(B) £ x o ¢, x independent

Example:

Un x4 D B ={u>1,v>2v <3}
E::{ v:x— Y, }, B ={x—0,y—0,ur0,v 0}
mxY S =={x>0y<-1}
B, ::upd(ﬁvyai‘IaE)
={x—=0,y—-1u—0+2%(-1)),v=> (0-(-1))}

(E; B; 5; S;IV)
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FixindepVar
(E;B;8;S;IV) =smp (E;B;upd(f, x,c, E); S;IV)
if (xoc) € S, LRA(B) £ x o ¢, x independent

Example:

B : <
E::{UNX+2y’},B = {x—0,y+—0,u—0,v 0}
VR X—Y 5 |

ﬁ, = UPd(ﬁvy,*LE)
={x—=0,y—-1u—0+2%(-1)),v=> (0-(-1))}
= { , U =2, vi— 1}

(E:B;3:S;IV) =gip (BB B SiIV)

i p BN gk insiine November 24, 2022 242/257
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FixindepVar
(E;B; 8; S;IV) =gvp (E; B;upd(B, x,c, E); S;1V)

if (xoc) € S, LRA(B) £ x o ¢, x independent

Example:

B : <
E::{UNX+2y’},B = {x—0,y+—0,u—0,v 0}
VR X—Y 5 |

B, = upd(ﬁvyai‘IaE)
={x—0,y—»—-1,u—~(0+2%(-1)),v—(0-(-1))}
= { , U =2, vi— 1}
(E:B;3:S;IV) =gip  (E:B: B SiIV)
=58 (E;B;B;S;T)

i p BN gk st November 24, 2022 242/257
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FixindepVar
(E;B; 8; S;IV) =gvp (E; B;upd(B, x,c, E); S;1V)

if (xoc) € S, LRA(B) £ x o ¢, x independent
Example:

U x4 2y B ={u>1,v>2v <3}
E::{ N ’},5 ={x—0,y—0,u—~0,v— 0}
Ve X-—Yy
S ={ , }
ﬁ, ::upd(ﬁvya*‘I’E)
={x—=0,y—-1u—~(0+2x(-1)),v—(0-(-1))}
= { , U =2, vi— 1}
(E; B; 5; S;IV) :>Fi|)l(\}|'P (E;B;5'; S; IV)
jﬁ&% (E;B; 5, S,T)
S5 (EB\{u> 118580 {u>131V)
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AckindepBound
(E;B; 3;S;IV) =gvp (E; B; 5; S;DV)

if LRA(5) = x o ¢, for all independent variables x with bounds
xocin S

Example:

, B ={x—=0y—~—-1u—-2v—1}

E.:{ U x+2y,
S ={x>0,y<-1u>1}

B ={v>2v<3}
Ve X—Y }

(E; B; 5; S;IV)

i p | [ e November 24, 2022 243/257
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AckindepBound
(E;B; 3;S;IV) =gvp (E; B; 5; S;DV)

if LRA(5) = x o ¢, for all independent variables x with bounds

XocinS
Example:

N B ={v>2v<3}
oz SO
mxmy S ={ , Ju>1}

(E; B; 5; S;IV)

ina p B0 o planek instite November 24, 2022 243/257
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AckindepBound
(E;B; 3;S;IV) =gvp (E; B; 5; S;DV)

if LRA(5) = x o ¢, for all independent variables x with bounds

XocinS
Example:

N B ={v>2v<3}
:{5:;(1:2%}’ B =1 : U —2, v 1}
mxTY S ={ : Ju>1}

(E; B; 5; S;IV) :g‘m'g' (E; B; 8; S; DV)

i p BN st November 24, 2022 243/257



First-Order Logic
0000000000000 0000000000000000000000000000000000000000000000000000000000000000000000000000

FixDepVar>
(E;B; 3; S;DV) =gwp (E'; B;upd(8,x,c, E'); S;DV)

if (x > ¢) € S, x dependent, LRA(5) I~ x > c, there is an
independent variable y and equation (x ~ ay + t) € E where
(@a>0and B(y) < c forall (y <c')e S)or

(a<0andfp(y) >c forall (y > c) € S)and E' := piv(E, x, y)

Example:

U X 42 B ={v>2v<3}
E::{V:X_ y’},ﬁ ={x=0,y— -1, ur -2 v 1}
XY S ={x>0y<-1u>1}

i p BB g plankinsiin November 24, 2022 2441257
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FixDepVar>
(E;B; 3; S;DV) =gwp (E'; B;upd(8,x,c, E'); S;DV)

if (x > ¢) € S, x dependent, LRA(5) I~ x > c, there is an
independent variable y and equation (x ~ ay + t) € E where
(@a>0and B(y) < c forall (y <c')e S)or

(a<0andfp(y) >c forall (y > c) € S)and E' := piv(E, x, y)

Example:

U X 42 B ={v>2v<3}
E::{v:x— y’},ﬁ ={x—0y—-1u—-2v—1}
XY S ={x>0y<-1,u>1}

i p BB g plankinsiin November 24, 2022 2441257
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FixDepVar>
(E;B; 3; S;DV) =gwp (E'; B;upd(8,x,c, E'); S;DV)

if (x > ¢) € S, x dependent, LRA(5) I~ x > c, there is an
independent variable y and equation (x ~ ay + t) € E where
(@a>0and B(y) < c forall (y <c')e S)or

(a<0andfp(y) >c forall (y > c) € S)and E' := piv(E, x, y)

Example:

U X 42 B ={v>2v<3}
E::{v:x— y’},ﬁ ={x—=0,y—-1u—-2v—1}
XY S ={x>0y<-1,u>1}

i p BB g plankinsiin November 24, 2022 2441257
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FixDepVar>
(E;B; 3; S;DV) =gwp (E'; B;upd(8,x,c, E'); S;DV)

if (x > ¢) € S, x dependent, LRA(5) I~ x > c, there is an
independent variable y and equation (x ~ ay + t) € E where
(@a>0and B(y) < c forall (y <c')e S)or

(a<0andfp(y) >c forall (y > c) € S)and E' := piv(E, x, y)

Example:
N B ={v>2v<3}
E;:{;’:szy’},g = { Y =1 ues —2 v s 1)
- y S =1 y<—1u>1}

i p BB g plankinsiin November 24, 2022 2441257
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FixDepVar>
(E;B; 3; S;DV) =gwp (E'; B;upd(8,x,c, E'); S;DV)

if (x > ¢) € S, x dependent, LRA(5) I~ x > c, there is an
independent variable y and equation (x ~ ay + t) € E where
(@a>0and B(y) < c forall (y <c')e S)or

(a<0andfp(y) >c forall (y > c) € S)and E' := piv(E, x, y)

Example:
N B ={v>2v<3}
E;:{;’:szy’},g = { Y =1 ues —2 v s 1)
- y S =1 y<—1u>1}

El.: X%U—Zy,
' veu—-3y |’
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FixDepVar>
(E;B; 3; S;DV) =gwp (E'; B;upd(8,x,c, E'); S;DV)

if (x > ¢) € S, x dependent, LRA(5) I~ x > c, there is an
independent variable y and equation (x ~ ay + t) € E where
(@a>0and B(y) < c forall (y <c')e S)or

(a<0andfp(y) >c forall (y > c) € S)and E' := piv(E, x, y)

Example:
N B ={v>2v<3}
E;:{;’:szy’},g = { Y =1 ues —2 v s 1)
- y S =1 y<—1u>1}

g [ xmu-2y, | B :=upd(8 u1,E)
' veu-—3y |’ {u—=1y——-1,x— 3, v 4}
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FixDepVar>
(E; B; 3; S;DV) =gmp (E’; B;upd(8,x,c, E'); S; DV)

if (x > ¢) € S, x dependent, LRA(5) I~ x > c, there is an
independent variable y and equation (x ~ ay + t) € E where
(@a>0and B(y) < c forall (y <c')e S)or

(a<0andfp(y) >c forall (y > c) € S)and E' := piv(E, x, y)

Example:

, B ={x—=0y——-1u— -2 v—1}

S ={x>0,y<-1, }

g [ u~x+2y, B ={v>2v<3}
T Ve X—Y

g x=u=2y, 1 F :=upd(5,u1E)
' veu—-3y |’ = Yy —1,x—3,v— 4}
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FixDepVar>
(E;B; 3; S;DV) =gwp (E'; B;upd(8,x,c, E'); S;DV)

if (x > ¢) € S, x dependent, LRA(5) I~ x > c, there is an
independent variable y and equation (x ~ ay + t) € E where
(@a>0and B(y) < c forall (y <c')e S)or

(a<0andfp(y) >c forall (y > c) € S)and E' := piv(E, x, y)

Example:
N B ={v>2v<3}
E;:{'“V’:;(f}z/y’},ﬁ =X 0,y —1,urs 2,ves 1)
S ={ , , }
£ X~ U-—2y, g =upd(B,u,1,E)
1l vau-3y [’ = { : , Vi 4}

ini p BB g plankinsiin November 24, 2022 2441257
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FixDepVar<
(E;B; 3; S;DV) =gwp (E'; B;upd(8,x,c, E'); S;DV)

if (x <c) € S, xdependent, LRA(S) I~ x < c, there is an
independent variable y and equation (x ~ ay + t) € E where
(a<0and B(y) < c forall (y <c')e S)or
(@>0andp(y)>c forall (y > c’) € S)and E' := piv(E, x, y)

i p BNk insiine November 24, 2022 245/257
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FailDepVar<
(E;B; 3;S;DV) =simp (E:B;5;S; 1)

if (x <c) € S, xdependent, LRA(5) ~ x < ¢ and there is no
independent variable y and equation (x ~ ay + t) € E where
(a<0and B(y) < c forall(y <c')e S)or

(@a>0and j3(y) > c forall (y > ) € S)

Example:
B ={v>2}

E = X~U-—2y, , B ;:{u|—>17_y»—>—1,X»—>3,Vl—>4}
v~ u-3y
S ={xx>0,y<-1u>1,v <3}

i p BNk insiine November 24, 2022 246/257
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FailDepVar<
(E;B; 3;S;DV) =simp (E:B;5;S; 1)

if (x <c) € S, xdependent, LRA(5) ~ x < ¢ and there is no
independent variable y and equation (x ~ ay + t) € E where
(a<0and B(y) < c forall(y <c')e S)or

(@a>0and 3(y) > c forall (y > ) € S)

Example:
B ={v>2}

E = X~U-—2y, , B ;:{u>—>17_y»—>—1,X»—>3,Vl—>4}
v~ u-3y
S ={x>0y<-1u>1,v<3}
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FailDepVar<
(E;B; 3;S;DV) =simp (E:B;5;S; 1)

if (x <c) € S, xdependent, LRA(5) ~ x < ¢ and there is no
independent variable y and equation (x ~ ay + t) € E where
(a<0and B(y) < c forall (y <c')e S)or

(@a>0and j3(y) > c forall (y > ) € S)

Example:
B ={v>2}

E = X~U-—2y, , B ;:{u|—>17y»—>—1,X»—>3,Vl—>4}
v~ u-3y
S ={x>0,y<-1u>1,v <3}
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FailDepVar>
(E;B; 8; S;DV) =gmp (E;B;3;S; 1)

if (x > c) € S, x dependent, 5 [~ A x > ¢ and there is no
independent variable y and equation (x ~ ay + t) € E where (if
a>0andp(y)<cforall(y<c)eS)or

(ifa<0and p(y) >c forall(y >c)eS)
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List of rules:
EstablishBound (E;Bw{xoc}; S T) =smp
(E;B; B; SU{xoc};IV)

AckBounds (E;B; 3;S;8) =awp (E;B;3;S5;T)
if LRA(S) = S, s € {IV,DV}

FixIndepVar (E;B; 3;S;IV) =svp
(E; B;upd(B,x,¢c,E); S;IV)
if (xoc) € S, LRA(B) £ x o ¢, x independent

i p BNk insiine November 24, 2022 248/257



First-Order Logic
0000000000000 0000000000000000000000000000000000000000000000000000000000000000000000000000

AckindepBound (E;B; 5;S;IV) =gmp (E;B;;S;DV)

if LRA(B) = x o ¢, for all independent variables x with bounds
xocinS

FixDepVar<(E; B; 3; S;DV) =gmp (E’; B;upd(8, x, c, E'); S; DV)
if (x <c¢) €S, xdependent, LRA(S) ~= x < c, there is an
independent variable y and equation (x ~ ay + t) € E where

(a<0andpg(y) < cdforall(y <c)e S)or(a>0andj(y) >
forall (y > c’) € S) and E' := piv(E, x, y)

FixDepVar>(E; B; 3; S;DV) =gwmp (E’; B;upd(3, x,c, E’); S; DV)
if (x > c) € S, x dependent, LRA(S) I~ x > c, there is an
independent variable y and equation (x ~ ay + t) € E where
(a>0and p(y) < cdforall(y <c')e S)or(a<0andj(y) >c
forall (y > ¢’) € S)and E’ := piv(E, x, y)
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FailBounds (E;B;3;:S;T) =simp (E;B; ;S 1)
if there are two contradicting bounds x < ciand x > ¢, in BU S
for some variable x

FailDepVar< (E;B;3;S;DV) =gmp (E;B;3;S; 1)

if (x <c) € S, xdependent, LRA(S) [~ x < ¢ and there is no
independent variable y and equation (x ~ ay + t) € E where
(@< 0and j(y) <cforall(y <c’)e S)or(a>0andj(y) > ¢
forall(y >c)eS)

FailDepVar> (E;B; 5, S;DV) =gwp (E;B;j;S; 1)

if (x > c) € S, x dependent, LRA(53) i~ x > ¢ and there is no
independent variable y and equation (x ~ ay + t) € E where (if
a>0andfg(y)<cdforall(y<c)eS)or(fa<Oandp(y)>c
forall(y > ) e S)
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6.2.7 Lemma (Simplex State Invariants)
The following invariants hold for any state (E;; B;; 5;; Si; Sj)
derived by =g)up On a start state (Eg; By; 5o; 0; T):

(i) for every dependent variable there is exactly one equation in
E defining the variable

(i) dependent variables do not occur on the right hand side of an
equation

(i) LRA(B) |= Ei

(iv) for all independant variables x either 8;(x) = 0 or 8i(x) = ¢
for some bound x o c € S;

(v) for all assignments « it holds LRA(«) = Ej iff LRA(a) = E;
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6.2.8 Lemma (Simplex Run Invariants)

For any run of =gyp from start state

(Eo; Bo; Bo; 0; T) =simp (E1; B1; B1; S15:81) =sivwp - - -
(i) the set {po, f1, ...} is finite

(i) if the sets of dependent and independent variables
for two equational systems E;, E; coincide, then
Ei=E

(iii) the set {Ep, Eq, ...} is finite
(iv) let S; not contain contradictory bounds, then

(Er: Bri B Sii 1) =Gyip s finite
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6.2.9 Corollary (Infinite Runs Contain a Cycle)

Let (Eo; Bo; B0; 0; T) =simp (E1: B1; B1; S1:81) =sivp - -- be an
infinite run. Then there are two states (E;; B;; 5; Sj; Si),

(Ex; Bk; Bk: Ski sk) such that i # k and

(Eii Bj: Bi; Sii si) = (Ex: Bri B Ski Sk)-
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6.2.10 Definition (Reasonable Strategy)

A reasonable strategy prefers FailBounds over EstablishBounds
and the FixDepVar rules select minimal variables x, y in the
ordering <.
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6.2.11 Theorem (Simplex Soundness, Completeness &
Termination)

Given a reasonable strategy and initial set N of inequations and

its separation into £ and B :

(i) =gvp terminates on (E; B; By; 0; T),

(i) if (E; B; Bo; 0; T) =&mp (E'; B'; 8; S; L) then N has no
solution,

(iii) if (E; B; Bo; 0; T) =&mp (E';0; 8B, T) and (E; 0; 3;B; T)is a
normal form, then LRA(5) &= N,

(iv) all final states (E’; B’; 3; S; s) match either (ii) or (iii).

ina p | | R November 24, 2022 255/257



First-Order Logic
0000000000000 0000000000000000000000000000000000000000000000000000000000000000000000000000

In case of strict bounds the idea is to introduce an infinitesimal
small constant § > 0 and to replace the strict bound by a
non-strict one. So, for example, a bound x < 5 is replaced by
x <5—4. Now ¢ is treated symbolically through the overall
computation, i.e., we extend Q to Q; with new pairs (g, k) with
g, k € Q where (g, k) represents q + kd and the operations,
relations on Q are lifted to Qs:

(g1, k1) + (2, k2) .= (g1 + q2, k1 + k2)

p(q, k) :=(pq, pK)
(g1, k1) < (g2, ko) =(q1 < @) V(g1 = @2 N k1 < ko)
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